STRUCTURE IN SIMPLEXES. III.
COMPOSITION SERIES(?)

BY
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The Jacobson structure space has played a central role in the algebraic classifi-
cation of C*-algebras. Kaplansky showed [9] that for GCR algebras, one may find
an ascending transfinite ““‘composition series” of open sets G, exhausting the struc-
ture space, such that G,,;—G, is Hausdorff, and the component algebra over
G,.1—G, is homogeneous. The latter algebras may be characterized as continuous
sections of certain fiber bundles (see [6, §10]); hence the classification of GCR
algebras is reduced to finding how homogeneous algebras may be “put together”.

An analogous structure space was defined for Choquet simplexes, and more
generally for simplex spaces in [7] and [8]. In this paper we shall investigate com-
position series for simplex spaces. The most promising candidates for the com-
ponents of such a composition series are the ““C-spaces”, the simplex spaces of
the form Cy(X), where X is a locally compact Hausdorff space. We say that a
simplex space is a ““GC-space” if it has such a composition series. We have suc-
ceeded in characterizing the separable GC-spaces in Theorem 5.1 as the separable
simplex spaces for which the extremal states form an F, subset of the states, and
closed subsets of the structure space are second category in themselves. By con-
structing various M-spaces in §7, we show that both of these conditions are
necessary, even for this restricted class of simplex spaces.

§1 is devoted to several preliminary results concerning closed ideals and quotients
of simplex spaces. In §2 we define a *“ C-ideal” in a simplex space to be a closed ideal
which is itself a C-space. In Theorem 2.2 we show that if J is such an ideal in a
simplex space A4, then points in max J may be separated from distinct points in
max A by disjoint open sets. This and other results are false (see §7.1) when one
assumes only that J is an M-space, or equivalently (see Corollary 2.6) that max J
is Hausdorff. To avoid this difficulty, we define an “M-ideal” J to be a closed
ideal for which max J is “separated” in max A. Equivalent conditions are given
in Theorem 2.5.

In §§3 and 4 we consider a general theory of composition series. The reader may
wish to avoid the somewhat tedious and routine proofs of these sections on a first
reading of the paper. The theory is applicable when the components are C-ideals,
M-ideals, or M-ideals with locally compact structure. The simplex spaces which

Received by the editors March 15, 1968 and, in revised form, November 1, 1968.
(*) This research was supported in part by the National Science Foundation (NSF GP-
7683).

355



356 E. G. EFFROS AND ALAN GLEIT [August

are exhausted by such series are called GC-, GM-, and GMLC-spaces, respectively.
These are distinct classes even for the separable M-spaces (see §7).

In §5 we prove the main theorems of the paper. Separable GC- and GMLC-
spaces are characterized in Theorems 5.1 and 5.2. Necessary and sufficient con-
ditions for a GM-space to be GMLC are given in Theorem 5.3.

In §6 we give a simplex space analogue of the Bishop-de Leeuw peaking descrip-
tion of the Choquet boundary of a function algebra. This in part generalizes a
result of Rogalski for simplex spaces with ““good spectrum” (see [15, Theorem 3]).
We conclude by constructing various examples in §7.

We shall use the notation and definitions of [7] and [8]. We always assume that
a topological space is nonempty, and that a simplex space has at least one nonzero
vector. We recall that if 4 is a simplex space, there is a continuous one-to-one
map of EP,(4)—{0} onto max A defined by p — {p}t. We will write M,(p) or
M, for the latter ideal, and p(M) or p, for the pre-image of a maximal ideal M.
Regarding the elements of A4 as functions on both EP,(4)—{0} and max A4, we
have a(M)=a(p,). These functions define the topology on EP;(4)—{0}. The
closure of EP,(A) is denoted by Z,.

If Q is a closed face containing 0 in P,(A4), we let

R(Q) = {ep: pe E(Q), 0 = « = 1} = [0, 1]E(Q),

i.e., R(Q) consists of the “extremal rays” in Q.
By an isomorphism of simplex spaces, we shall mean an isometric order iso-
morphism.

1. Ideals and quotients. Let I# A4 be a closed ideal in a simplex space 4, and
0: A— A|I be the quotient map. Then the adjoint map 6*:(4/I)* — 4* is an
isometry and a weak* homeomorphism onto I°. As we saw in [7, Theorem 3.4],
6* is also an order isomorphism; hence it restricts to an affine isomorphism of
P,(A[I) onto the face I'* in P,(A4), and thence to a homeomorphism of EP,(A4/I)— {0}
onto E(I*)—{0}. From [7, Theorem 4.4], if M € max A/I, then §~'(M) e max A
and M — 0-(M) is a homeomorphism of max A4/l onto hA(I). Furthermore the
diagram

EP,(A|T)—{0} TN E(IY)—{0} = EP,(4)—{0}
(1.1) lM“” lM"

max A/I-—é_—l———> h(I) = max 4

is commutative. We shall often identify max A4/l and h(I) as topological spaces.
If we regard the elements of A/I as functions on max A/I, they may be identified
with the restrictions of elements of 4 to the closed set A(Z).

Let J#{0} be a closed ideal in a simplex space A. From [7, Theorem 4.4], the
restriction map p: A* — J* restricts to a continuous affine map p, of P,(4) onto
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Py(J), and thence to a continuous one-to-one map pz of EP;(4)—J* onto
EP,(J)—{0}. If M emax A—h(J), then n(M)=MNJemaxJ, and 7, is a
homeomorphism of max 4 —A(J) onto max J. The diagram

EP,(A)—J* —— EP,(J)-{0}

My, M
(1.2) l 4 l J
max A—h(J) ——> maxJ

Na

is commutative. We shall often identify max J and max 4 —h(J) as topological
spaces. If we regard elements of J as functions on max J, then they may be identified
with the elements in 4 which vanish off the open set max A —h(J).

It is important to note that p; apparently need not be a homeomorphism;
hence the elements of J might not determine the topology on EP,(4)—J*. On the
other hand we do have

LemMa 1.1. If K is a compact subset of EP,(J)—{0}, then pz *(K) is compact in
EP,(4)—J".

Proof. Letting p,: P,(4) — P,(J) be the restriction map, it suffices to show that
p1 (EPy(J)—{0}) < EP(A)—J*

since then pz *(K)=p; !(K) will be closed and thus compact in P;(4).

If g € EP,(J)—{0}, the set Q=p;(q) is a closed nonempty face in P,(4) disjoint
from the face J*. If Q did not consist of a single extreme point, £(Q) would contain
more than one point. Since E(Q)< EP,(A)—J*, this would contradict the fact that
p1 is one-to-one on the latter set. Thus p; (g)={p}, where p € EP;(4)—J.

If I and J are closed ideals in a simplex space 4, then Davies has shown [4]
that J+1 is again a closed ideal. We also have

LEMMA 1.2. Suppose that 1# A, J#{0}, and that 8, is the quotient map of A onto
A[I. Then the relative and quotient norms and orderings coincide on 0,(J)=J+1/I,
and the latter is a closed ideal in A|I. Let us identify max J+ I/I with an open subset
of max A[l, and then identify max A/l and max J with closed and open subsets of
max A, respectively. When regarded as subsets of max A,

(1.3) max J+I/I = max J N max A/L.

Proof. The remark concerning norms is trivial. The relative ordering is defined
by the cone

J+IIN(AD* = J+I[I0 A*[I
=+ DA =T+DI,
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and the latter is the quotient cone. Since J+ /I is a simplex space [7, Theorem 3.4],
it follows that J+I/I is closed in A/I, and positively generated. It is an ideal, for
suppose that

0<a+I=<b+I, b+IeJ+IL
Then letting u, v € I be such that 0= a+wu, a<b+v, we have
0=<a+u=sb+utvel+]
hence a+ueJ+1I,and a+IeJ+1[I
We have
maxJ+I/I = {Memax A/l : M 2 J+I|I}
={Memax4d: M >J+I,M =21}
={MemaxA:M>J, M=21I}
= maxJ N max A/L
We have a natural isomorphism
(1.4) J+II—-JINnJ
defined by a+1— a+1 N J for a e J. Noting that elements of J vanish outside of
max J,
la+I| = sup {|a(M)| : M € max A/I}
= sup {|a(M)| : M € maxJ N max A/I}
= sup {|a(M)| : M € max J—max I}
= sup {|a(M)| : MemaxJ[INJ} = |a+INJ|,

hence (1.4) is an isometry. The same identifications show that a+ 720 if and only
ifa+INJz0.

2. C- and M-ideals. A simplex space is a C-space if it is isomorphic as an
ordered Banach space to Co(X), the real continuous functions vanishing at oo
on a locally compact Hausdorff space X. For simplex spaces with identity, the
following result is essentially due to H. Bauer [16].

PROPOSITION 2.1. If A is a simplex space, the following conditions are equivalent:
(1) A is a C-space.

(2) The elements of A are continuous on max A, i.e., M, is a homeomorphism.
(3) EPy(A) is closed in P,(A).

(4) max A is locally compact Hausdorff, and A= Cy(max A).

Proof. We have proved the equivalence of (2)—(4) in [8, Theorem 3.10]. (4) = (1)
is trivial. To prove (1) = (3), suppose that A= Cy(X), X locally compact Hausdorff.
Let X, =X U {0} be the one-point compactification of X. 4 may be identified
with the functions in C(X,) vanishing at co. We define a continuous map 3 of
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X, into Py(A4) by 8(x)(a)=a(x). Letting 94 be the x € X for which ||5(x)|=0
or 1, we have from [8, Lemma 4.1] that 8(64)=EP,(4). If x € X, we may find
ae A with ||a| =1 and a(x)=1. Thus 94 = X, and  EP,(4) is a continuous image
of a compact set.

A C-ideal in a simplex space A is a closed ideal which is itself a C-space or {0}.
A point x in a topological space X is separated if for any y# x there are open dis-
joint neighborhoods G and H of x and y, respectively. Equivalently (see [10, p. 67]),
if a net x, in X converges to x then it cannot converge to any other point. A subset
S of X is separated in X if all of its points are separated in X. It is readily verified
that if S is such a set, compact subsets of S are closed in X. Identifying max J
with the open set max 4 —h(J),

THEOREM 2.2. LetJ#{0} bea closed ideal in a simplex space A. If J is a C-ideal, then
(1) Compact subsets of max J are closed in max A.
(2) max J is separated in max A.
(3) Elements of J are continuous on max A.
(4) Elements of A restrict to continuous functions on max J.
(5) Z,<EP,(A) L J*L
Conversely if J satisfies any one of conditions (3)~(5), it is a C-ideal.

To prove this, we need

LEMMA 2.3. Let A be a simplex space, and suppose that a net p, € EP,(A) converges
to a point q € P,(A). If Q is the smallest closed face containing q and 0 in P,(A), then
M,, converges to M, for all p € E(Q)—{0}.

Proof. If p € E(Q)—{0}, and M,, does not converge to M,, then there is a closed
set F=max A4 such that M, € F frequently, but M, ¢ F. If we let R be the closed
face in P;(A) containing 0 with F= M ,(E(R)—{0}), then p, € R frequently; hence
g€ R and QQR. This contradicts the fact that p ¢ E(R)=R N EP,(A).

Proof of Theorem 2.2. Referring to diagram (1.2) we are given that M; is a
homeomorphism. If K< max J is compact, M; }(K) is compact, and from Lemma
1.1, Ky =pz *M;*(K) is compact in EP,(4)—J*. It follows from [8, Corollary 3.5]
that 7 }(K)=M4(K,) is closed in max A —h(J).

In the remainder of the proof, we identify max J and max A —h(J). To prove (2),
suppose that M; e maxJ, M;emax A, and M, #M,. If M, e maxJ, we may
separate M, and M, since max J is locally compact Hausdorff ((4) of Proposition
2.1). If M, ¢ max J, let G be an open neighborhood of M; with compact relative
closure in max J. From (1), the relative closure must be closed in max 4. Thus
G and the complement of its closure separate M, and M,.

To prove (3), suppose that u€J and M, — M is a convergent net in max A4.
If M € max J, then eventually M, € max J, and u(M,) — u(M) follows from (4) of
Proposition 2.1. If M ¢ max J, then u(M)=0. Given >0, the set

K={Nemax 4:|uN)| 2 ¢
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is a compact subset of max J [7, Proposition 4.5]; hence, from (1), it is closed in
max 4. Since M ¢ K, we must eventually have M, ¢ K, hence |[u(M,)|<e. We
conclude that u(M,) — u(M).

Turning to (4), it suffices to prove that if a € 4, and G is an open subset with
compact relative closure in max J, then a is continuous on G. Let u € J= Cy(max J)
be such that u(M)=1 for M € G. u exists since max J is locally compact. From
(3), u is continuous on max A; hence ua € 4 [8, Theorem 2.1]. Since ua(M)=0 for
M ¢ max J, uaeJ, and ua is also continuous on max A4. Since ua(M)=a(M) for
M € G, a is continuous on G.

To prove (5), suppose that p, is a net in EP,(4) converging to g € P,(4), and
that g ¢ J*. Let Q be the smallest closed face in P,(4) containing g and 0. Since
04J+, we may choose

Po€ E(Q)—J* < EP,(A)—-J*.

From Lemma 2.3, if pe E(Q)—{0}, then M, — M,, and in particular M,
— M,, e maxJ. Since M, is separated in max 4, E(Q)—{0}={po} and Q is the
line segment joining 0 and p,. Let g=apy, 0<a=1, and choose ueJ with
u(M,,)#0. Then

u(M,,) = pyu) = q(u) = epo(u),
and since u is continuous on max J,
u(M,,) — u(Myp,) = po(w).

Thus e=1, and g=p, € EP,(4)—J".
That (3) and (4) imply J is a C-ideal is apparent from (2) of Proposition 2.1.
Since p,(EP,(4))=EP(J) and Z,=[EP,(4)]" is compact, we have from (5),

[EP,(J)]™ = pi(Z,) € pi(EPL(A) Y pi(J*) = EPy(J),

and (3) of Proposition 2.1 implies that J is a C-ideal.

At this point it would seem reasonable to define an “M-ideal” in a simplex
space to be a closed ideal which is itself an M-space or {0}. However, since the
analogue of Theorem 2.2 is not true for such ideals (see §7.1), it is necessary to
consider a “relative” property. We say that a closed ideal J in a simplex space A
is an M-ideal if J={0}, or J satisfies one of the conditions of Theorem 2.5 (see below).

Let F(max A) be the uniformly bounded functions on max 4 with the uniform
norm. F(max A) is an algebra and a lattice ordered Banach space (in fact, a C-
space) under the usual operations. As in [8, §2], we may identify 4 as a Banach
space with a closed subspace A’ of F(max A), since

lall = sup {|a(M)| : M € max A4}

(this is a simple consequence of the Krein-Milman Theorem—see the proof of
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[7, Proposition 4.5]). The ordering on A coincides with the relative ordering on 4’
since

A* ={a€ A : p(a) = 0 for all p € P,(4)}
={ae A :p(a) z 0 for all p e EP,(4)—{0}}
={aec A :a(M) = 0 for all M € max 4}.

The first equality follows from [7, Theorem 2.2]. The second is due to the fact that
if « is the least value a assumes on P,(A4),

Q ={pePi(4):p(a = o}

is a closed nonempty face in P,(A4); hence if p(a) <0 for some p € P,(A4), the same
is true for some p’ € EP,(A).

When we use the symbols A and v below, we are taking minima and maxima
in the lattice F(max 4). We let M(A) be the elements ae€ A* such that for all
beA*, anbe A. We recall that RP,(4) consists of the extremal rays of P,(A)
containing 0, i.e., the line segments joining 0 to extreme points.

The following is proved in [2, pp. 99-100].

LeEMMA 2.4. Let K be a compact convex set in a locally convex space. If Q is a
closed face in K and p is a probability measure with resultant r(u) in Q, then

supp < Q.

THEOREM 2.5. Suppose that J#{0} is a closed ideal in a simplex space A. Then
the following are equivalent:

(1) J*=M(A).

(2) max J is separated in max A.

(3) Z,cRP (A VJ-

Proof. (1) = (2). Suppose that M, € max J (the latter regarded as a subset of
max A) and that M, € max 4, M, # M,. Choose u e J* with u(M;)#0 and u(M,)
=0. This exists since if MyemaxJ, M; NJ and M, N J are distinct maximal
ideals in J; hence we may select u € J N My—J N M,. We may assume u >0 since
J N M, is a closed ideal, and thus is positively generated. If M, ¢ max J, we may
take any ueJ* —M,. Similarly, let ae A+ be such that a(M,)=0, a(M,)#0.
Since uAa € A, the sets

{M:uM)>aM)} ={M:(u—u A a)(M) > 0},
{M:aM)>uM)}={M:(@—u A a)(M) > 0},

are open [7, Proposition 4.7], and separate M, and M,.

(2) = (3). Suppose that p, is a net in EP,(4) converging to q € P,(4), and that
q ¢ J*. Letting Q be the smallest closed face in P,(4) containing ¢ and 0, we have
Q is the line segment joining O to an element p, € EP,(A4)—{0} (see the proof of
(5) in Theorem 2.2). Thus g € RP,(A).
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(3) = (1). From [8, Corollary 2.5], we may identify 4 with 2/(Z,), the affine
continuous functions on Z,, vanishing at 0. If ueJ*, and ae A*, consider the
function f(p)=min {u(p), a(p)} defined on Z,. f is continuous and vanishes at 0.
To show it is affine, say that p € Z, and p, is the extremal measure with resultant
p. If peJ*, then from Lemma 2.4 the support of p, is contained in the closed face
J+. Since u is zero on J*, and a=0,

we(f) = 0 = f(p).
If p ¢ J4, we have p=ag, where g € EP,(A)—{0}, 0<a=1. Then p,=ad,+ (1 — «)3,,
and since u, a € H(Z,),
#o(f) = of(g) = « min {u(q), a(g)}
= min {eu(q), «a(q)} = min {p, (), uy(a)}
= min {u(p), a(p)} = f(p).
It follo vs that fe A, and if M € max 4,

SM) = f(pu) = min {u(py), a(pu)} = u A a(M).

If ue M(A), one cannot conclude that u A ae 4 for nonpositive ae A.
P. Taylor has shown that if such an element u exists, then A4 is an M-space.

It is clear from (3) of Theorem 2.5 and Rogalski’s characterization of M-spaces
(see [15, Theorem 2]) that a simplex space is an M-ideal in itself if and only if it
is an M-space. Thus we may delete the condition of separability in [8, Theorem 3.8]
(this result has been independently obtained by F. Perdrizet).

COROLLARY 2.6. If A is a simplex space the following conditions are equivalent:
(1) A is an M-space.

(2) max A is Hausdorff.

(3) Z,=RP,(A).

The following technical results will play an important role in Theorem 5.2. If
A is a simplex space, define M,: RP,(4)—{0} — max 4 by

MA(p) = M(p/|P)
Let I# A and J#{0} be closed ideals in 4. Then the following diagrams commute:
RP,(4/1)—{0} o R(IY)—{0} = RP(A)—{0}

(2,1) 11‘74/1 lM-A
max A/l T‘__) h(I) < max A
RP(4)—J* —> RP,(J)—{0}
— PR —
(22 lMA lM:

max A—h(J) —— maxJ
yn
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where py, is the restriction of p,: P,(4) — P,(J). Since p, restricts to a one-to-one
map on EP,(4)—J*, the same is true on RP;(4)—J*. Again it is not clear that pg
is a homeomorphism, but we have the following analogue of Lemma 1.1.

LemMMA 2.7. Suppose that J is an M-ideal in a simplex space A. If K is a compact
subset of RP,(J)—{0}, then pz*(K) is compact in RP,(A)—J*.

Proof. Since J is an M-ideal, upon taking closures in P,(4) we have
[EP,(A)]- < RPy(A) U J*.
[0, 1][EP,(A4)]~ is compact, hence closed in P,(4), and
[RP(A)]~ < [0, 1}{EP,(A)]- < RPy(4) L J*.
It follows that
2.3) [Pz (K)]~ < RPy(A)VJ* .
But p, is continuous on P,(4) and K is closed in P,(J); hence
24 pilez '(K)]7) < K.
Since 0 ¢ K, we conclude from (2.3) that
[z (K)]~ S RPy(4)—J*.

pr=p1|RP(A)—J* is a bijection, and we have from (2.4) that p; }(K)=[pz *(K)]~;
hence pz X(K) is compact.

3. Composition series of open sets. We must consider various properties that
open subsets G of a topological space X can satisfy, such as

M:G is separated in X.

MLC:G is separated in X and locally compact in the relative topology.
If X=max 4 with 4 a simplex space, we may reformulate M (see (2) of Theorem
2.5).

M:G=max J where J is an M-ideal in A.
We also have the property

C:G=max J where J is a C-ideal in 4.

In order to make our discussion precise, we define a property or topological
property P to be a family of topological spaces Z, together with a collection Py
of open subsets for each X € . We will assume that if X € &, then with their relative
topologies, the nonempty open subsets and the nonempty closed subsets of X
also lie in 2. If G € Py, we write G< X and say that G is a P-set in X. If X<, X,
we say that X is a P-space. For M and MLC we let 2 be all topological spaces,
and for C, 2 is the locally closed subsets of a given structure space (see §4).

If P is a property, we say that it is inductive if for X € 2 and F+# & closed in X,

I,. G<p X implies that G N FS F.

It is clear that M and MLC are inductive, and we shall prove the same for C in §4.
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Given a property P and a space X € &, we say that an open subset G of X is
GP in X, written G< g X, if for each closed subset F of X, either G N F=g or
G N F contains a nonempty relatively open P-subset of F. GP is again a property,
and we will use the terminology *generalized P’ or “almost P”’. From above, X
is a GP-space if X< p X. We say X is an NP-space (or “nowhere P”) if it contains
no nonempty open P-set.

PROPOSITION 3.1. Let P be an inductive property. If X € P, there is a largestGP
open subset G in X, and X—G is NP or empty. Furthermore there is a collection of
distinct open subsets G, indexed by ordinals 0 <y < y,, such that

D) Gy=92, G,,=G.

(2) If y<wy,, then G, is a proper subset of G,,, and G,,,—G,<p X—G,.

3) If y<wv, is a limit ordinal, then G,=\_J;z <, G;.

Proof. Given X, let G,= @. Suppose that we have defined open G, for ordinals
B<y. If y is a limit ordinal, let G,=Jz<, G5. If y is not a limit ordinal, let
G,=G,_,ifG,_;=Xor X—G,_, is NP. Otherwise let G,# & be a relatively open
P-setin X—G,_,,andlet G,=G, U G, _;. Let y, be the first ordinal with G, =G, .. ,,
and let G=G,,. Then X—G is NP or @. It is clear that the G, satisfy (2) and (3).

Since Go= @, G, < ¢r X. Suppose that we have proved G; < ¢p X for all <y, and
that Fis closed in X with F N G, & . Letting B, <y be the first ordinal with F N G,
# &, it is clear from (3) that B, is not a limit ordinal. From (2) and I;, FN
(Gg,—Ggo-1)=F N Gy, is a P-set in F N (X—Gy,-1)=F. Thus G,<¢p X.

Suppose that H is a GP open set in X. If HE G, then H N (X— G) must contain
a nonempty, relatively open P-subset of X— G. This contradicts the fact that X— G
is NP.

We will refer to a sequence G, having the above properties as a P-composition
series.

If P is inductive, then letting X=G in I,, we have that nonempty closed subsets
of a P-space are P-spaces. Since for any property P, GP is inductive (see below),
closed subsets of GP-spaces are again GP-spaces. To obtain an analogous argu-
ment for open sets, we say that a property P is strongly inductive if given X € 2,
G,, G, open and F closed in X, it satisfies J; and

I,. G,=Gy,= X and G, <, X imply G, S5Gs.

I,. G,=G,<p X implies G, S5 X.

I,. G,cpF< X implies G, S, X.

It is readily verified that M and MLC are strongly inductive. We shall prove the
same for C in §4. Note that letting G; =G, in I,, a nonempty open P-set must itself
be a P-space. Letting G,= X in I3, it follows that a nonempty open subset of a
P-space is a P-space.

LEMMA 3.2. If P is any property, then GP is inductive. If P is strongly inductive,
then so is GP.
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Proof. Let P be an arbitrary property, and suppose that G<;p X and F is closed
in X. A closed subset of G N F must have the form G N F’, F’ closed in X, F'<F.
Since G<¢p X, if G N F'# @, then G N F’ contains a nonempty relatively open
P-setin F'. Thus G N F< 4 F.

Suppose that P is strongly inductive. If G, =G,< X and G,<¢p X, then given F
closedin G,, F=F' N G,, F' closed in X, and F N G,=F' N G,. Choose Erelatively
open in F' N G; with g #FE<,F'. We have ESF<F’, and F is relatively open
in F’. From I, for P, E<, F, and we conclude GP satisfies I,.

If G, =Gy<¢s X, then since GP is inductive, G; N FEG, N F<p F. Thus to
prove G; S¢p X, all we need show is that if G, # @, then G, contains a nonempty
P-subset of X. Letting X,, 0=y =<y, be a P-composition series for X, we have from
Proposition 3.1 that G,< X,,. Let y; <y, be the first ordinal with G, N X, # 2.
Then y, is not a limit ordinal. From (2) of Proposition 3.1 and I; for P,

G1 N XVl = Gl N (XVI_XVI_I) gp X_Xrl—l'

Thus from I, for P, G, N X,, <» X, and GP satisfies I.

Suppose G; Sgp F< X, G, open and F closed in X. If F' is closed in X, G, N F’
Ser FNF' SF'. Thus to show G,<sp X, it suffices to show that if G,# @, it
contains a nonempty P-set in X. This follows from I, for P.

COROLLARY 3.3. If P is strongly inductive, then open and closed subsets of a
GP-space are GP-spaces.

A topological space is said to be K, if it is a countable union of compact sets,
and locally K, if the K,-open subsets form a basis. It is clear that both open and
closed subsets of a locally K, space are locally K.

LeMMA 3.4. If A is a simplex space, then max A is locally K,.

Proof. Let M, be a point in max 4, and G be an open neighborhood of M,.
If J is the closed ideal corresponding to G, we may choose u € J* with u(M,)#0.
From [7, Proposition 4.5],

G = {M:uM)#0}=U{M:uM) = 1n

is a K, open set with M, e G'=G.

Applying this to C-spaces, we have the well-known result that locally compact
Hausdorff spaces are locally K,. We note that a similar proof shows that the
primitive ideal space of a C*-algebra is locally X,.

We recall that a topological space X is second category if countable intersections
of dense open sets are nonempty. X is Baire if such intersections are dense, or
equivalently, each open set is second category. We say that X is strongly Baire if
each closed set is Baire, or equivalently, each locally closed set (i.e., the inter-
section of an open and a closed set) is second category in itself. In contrast to
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C*-algebras, the structure space of a simplex space need not be strongly Baire
[7, §5], or locally compact [8, Theorem 4.3].

LEMMA 3.5. Suppose that X is locally K,. Then the following are equivalent:
(1) X is strongly Baire and almost separated (i.e., GM).
(2) X is almost locally compact separated (i.e., GMLC).

Proof. (1) = (2). If F# @ is a closed subset of X, let G# & be a relatively open
separated subset. Since F is locally K,, we may choose a K, open set G'# & with
G'<=G. Let G'=J C,, with C, compact. Since G’ is second category, there is an
n, with H=int C,,# . Since G is separated in F, C,, is closed in F, hence from
Iy, HS 31 Cp S F implies HS y;c F.

(2) = (1). Since MLC is strongly inductive, we have from Corollary 3.3 that
open and closed subsets of an almost locally compact separated space have the
same property. Thus it suffices to show that if X is such a space, then X is second
category. Let G# @ be a locally compact Hausdorff subset of X. If G,, n=1,2,...
are dense open sets in X, then G N G, are dense open sets in G. Since any locally
compact Hausdorff space is second category, it follows that (N, G N G, # &, hence

Nn Gr# 2.

4. Composition series of closed ideals. By analogy to §3, we must consider
various properties that closed ideals J in a simplex space 4 can satisfy, such as

M:J is an M-ideal in A4.

MLC:J is an M-ideal in 4 and max J is locally compact.

C:Jis a C-ideal in A4.

A simplex property is an association with each simplex space A of a family of
closed ideals P,. If J € P, we write J = pA and say that J is a P-ideal in A"If A<, A4
we say that A4 is a P-space. We will consider only simplex properties that are pre-
served under isomorphisms, i.e., if 8: A — A’ is an isomorphism onto, then J<» 4
if and only if 6(J) < p 6(A).

We note that M and MLC are derived from corresponding topological properties.
If P is any such property, and & contains the structure spaces of simplexes, we
obtain a simplex property by letting J< » 4 if max J< pmax 4.

Conversely, a simplex property defines a collection of topological properties.
For each simplex space 4,, let %, be all the nonempty locally closed subsets of
max 4,. Each X in &, has the form G, N F, with G, open, F, closed in max A,.
We let

A(Go, Fo) = 0,,(Jo) = Jo+ 1o/ Io,

where I, # Ay, Jo #{0} are the closed ideals in A, with Fy=max Ao/I,, Go=max J,.
From (1.3) we have

X = Gy N Fy = max A(G,, F,)
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when the latter is considered a subset of max A,. The relatively open subsets G
of X have the form max J, where J is a closed ideal in A(G,, F,). We say G is a
P-set in X, written G<p X, if J< p A(G,, Fy). This definition does not depend upon
(Go, Fy) since if Gy N Fy=G, N F;, then there is an isomorphism of A(G,, F,) onto
A(G,, F;) which identifies the ideals corresponding to a given relatively open
subset of X.

We say that a simplex property P is inductive if for each simplex space 4 and
closed ideals I# A4, J

I3:J<p A implies J+ I[I< p AL
We say P is strongly inductive if in addition,

I3.J,cJ;c 4 and J, S p A imply J, S pJ,.

I3:J,=J,Sp A implies J, S p A.

I:J, 0 I={0} and J, + I[Ic p A[I imply J, S p A.

We have:

LEMMA 4.1. A simplex property is (strongly) inductive if and only if the correspond-
ing topological properties are (strongly) inductive.

Proof. Let 4, be a simplex space, and GSG, and FSF, be open and closed
subsets of max A,, respectively. The open and closed subsets of X=G, N F, have
the form G N F, and G, N F, respectively. On the other hand, the closed ideals in
A= A(G,, F,) have the form J=A4(G, F,). We may restate I, of §3 for X=G, N F,
as follows:

GNF,cpGyNF, implies GNF<,G,NF,
or, from the definition of <; for locally closed sets,
A(G, Fy) 5 A(Go, F;) implies A(G, F) <p A(Go, F).

But letting I=A(Go—F, F), there is a natural isomorphism of A(G,, F) onto
A[I=A(G,, Fo)/I, which carries A(G, F) onto J+1/I=A(G, F,)+I|I. Thus

J<pA implies J+I/I < Al

and noting that I is a general closed ideal in 4, we have the equivalence of /; and
I.

The equivalences of I, I3 and I, I3 are trivial. Letting G,, F,, X, G, F be as
above, we may restate I,:

GNF,SpGoNF< GyNF, implies GNF, <G, N F,.
We have G N F, =G, N Fif and only if
[GNF]N[(G,—F)NF) =g,
or regarding A(G, F) and I=A(G,— F, F,) as ideals in A(G,, F,),
4.1) A(G, Fo) n I = {0}.
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Assuming G N FocGy N F, we have G N Fo<pGo, N F if and only if GNF
S:Gy N F, ie., A(G, F)<;A(G,, F). Using the natural isomorphism of the
previous paragraph, we have G N F, <G, N F if and only if we have (4.1) and
A(G, Fo)+1/I< p A(Go, Fy)/I. Letting A= A(G,, F,) and J=A(G, F,), we have the
equivalence of I, and I;.

Given a simplex property P, we say that a closed ideal J is GP in a simplex space
A, written J< gp 4, if for all closed ideals I# A4, J<I or J+I/I contains a nonzero
closed P-ideal in A/I. We say that A4 is an NP-space if it contains no nonzero P-ideal.
In terms of the corresponding topological property, J<qp 4 if and only if max J
S¢pmax A4, and A4 is NP if and only if that is the case for max 4. We have:

PROPOSITION 4.2. Let P be an inductive simplex property. Then in each simplex
space A there is a largest GP-ideal J. If J# A, then A|J is NP. There is a collection
of distinct closed ideals J, indexed by ordinals 0 <y <vy, such that

1) Jo={0}, J,,=J.

(2") If y<yo, then J, is a proper subset of J, ., and J, ,|J, S p A|J,.

(") If y=y, is a limit ordinal, then J,=[Ug <, Js]".

If P is strongly inductive, then ideals and quotients of GP-spaces are again GP-
spaces.

Proof. Using the corresponding topological property for locally closed subsets
of X=max 4, let G, and G be open sets as described in Proposition 3.1, and J,,
J the closed ideals in 4 with G,=maxJ,, G=maxJ. Then (1')-(3’) follow from
(1)-(3) and the following remarks. From the inclusion

G,y1-G,=G,,;N(X-G,) S, X-G,,
we conclude that
A(G, .1, X—G,) <p AX, X—-G,),
i.e., Jy+1/J, S pAlJ,. Let y be a limit ordinal. Since the G4, B <y, form an increasing

sequence, the same is true for J;, and | Js<, Js=24<, Js. The latter and its closure
I are ideals (see [7,§3]), and

max [ = X—h(I) = X— ﬁﬂ h(J5) = U maxJ; = maxJ,;
<7y B<Y

hence I=J,.

The remainder of the proposition follows from Corollary 3.3.

We shall refer to a sequence of closed ideals J, having the above properties as a
P-composition series for A.

We say that a simplex property P is absolute if closed ideals are P-ideals if and
only if they are themselves P-spaces, i.e., if J is a closed ideal in A4,

JcpAd ifandonlyif J<pJ.

If this is not the case, we say that P is relative. From its definition C is absolute,
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whereas M and MLC are relative (see §7.1). If P is absolute, /; and I3 may be
restated

JcpJ implies JIINJ<cpJINJ
and
Jl < J2 and Jz gpjg imply J1 ngl,

respectively, and both I; and I; are vacuous. Thus an absolute property is (strongly)
inductive if and only if (ideals and) quotients of P-spaces are P-spaces. Also it is
clear that if P is absolute, the same is true for GP.

PROPOSITION 4.3. The simplex properties M, MLC, and C are strongly inductive.

Proof. Since the topological properties M and MLC are strongly inductive,
we have from Proposition 4.1 that the same is true for the corresponding simplex
properties. From the above discussion, it suffices to show that if J#{0} and I# 4
are closed ideals in a C-space A4, then J and A/l are C-spaces. But J and 4/I may
be identified with the functions in 4 vanishing off max J and the restrictions of
functions in 4 to max A4/I. In both cases, elements are continuous on the structure
space; hence, from (2) of Proposition 2.1, J and A/I are C-spaces.

From Propositions 4.2 and 4.3 we conclude that every simplex space contains
largest GM-, GMLC-, and GC-ideals, and that both ideals and quotients of GM-,
GMLC-, and GC-spaces are the same.

5. The main theorems. A subset of a topological space is F, if it is a countable
union of closed subsets of the space. We will show in §§7.2 and 7.3 that neither
condition (1) nor (2) of Theorem 5.1 may be omitted, even when A is a separable
M-space.

THEOREM 5.1. If A is a separable simplex space, then A is a GC-space if and only if
(1) EP,(A) is F, in P,(A) (or equivalently is K,),
(2) closed subsets of max A are second category in themselves.
One may replace (2) by
(2') max A is strongly Baire.

Proof. Suppose that A4 satisfies (1) and (2). We must show that each quotient
B of A contains a nonzero C-ideal. Since the maps 6* and 6! of (1.1) are homeo-
morphisms, we have.that EP,(B) is K, and max B is second category for each
quotient B. Thus changing our notation, it suffices to show that if 4 is a simplex
space with EP;(4) a K, set and max 4 second category, then 4 contains a nonzero
C-ideal.

Let K, be an increasing sequence of closed, and thus compact subsets of P,(4)
with EP,(4)=J K,. We may assume that 0 € K, for all n. If Fis a closed subset
of K, containing 0, it is dilated in the simplex P,(A4); hence its closed convex hull
Q=¢(F) is a face in Py(4) containing 0 [8, Theorem 3.3]. Since F=E(Q) (see
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[14, p. 9]), F—{0} is closed as a subset of max 4, and the weak* and structure
topologies coincide on each set K, —{0}. Since elements of 4 are weak* continuous,
they restrict to structurally continuous functions on M 4(K,—{0}). Since max 4 is
second category, and is the union of the closed sets M ,(K,—{0}), one of the latter
must have interior G# @ in max A. Letting J be the closed ideal in 4 with G=max J,
elements of A restrict to continuous functions on max J, and from Theorem 2.2,
JScA.

Conversely, suppose that 4 is a GC-space. Since 4 is separable, P,(A4) is compact
metric and thus separable. Let J,, 0<y <y, be a C-composition series for 4. The
sets J+ form a strictly decreasing transfinite sequence of closed sets in P,(4); hence
7o must be countable (see [11, §19, II]). We have

max 4 = ,U, [max J,,, —max J,],
<7Yo
hence

EP(A)~ (0} = U [EPi(A)~ 1)~ (EPAD)~J})]
= U [BUH-EW)
It suffices to show that B,=E(J;)—E(Jy,1) is K,. Let 6: 4 — A|J, be the
quotient map. From §1, 6*: EP,(4/J,) - E(Jy) is a homeomorphism; hence it
suffices to show that

By = 6*~Y(B,) = EPA(A|J)—(Jys1l0)"

is K,. Let p,: Py(A[J,) = Py(J,1/J,) be the restriction map, and pg the restriction
Of P1:
ps: By = EP(AJ)~(Jy41/J)* — EPy(J,11/T,)— {0}

(see (1.2)). J,,1/J, is a C-space; hence EPy(J,,./J,) is closed in Py(J,,1/J,) (see
Proposition 2.1). It follows that EP,(J,,,/J,)—{0} is second countable, locally
compact, and thus K,. From Lemma 1.1, B, is also X,.

Since any C-ideal is an M-ideal with locally compact structure, max 4 is GMLC,
and from Lemmas 3.4 and 3.5, it is strongly Baire.

THEOREM 5.2. If A is a separable simplex space, then A is a GMLC-space if and
only if

(1) RP,(A) is F, in P,(A) (or equivalently, is K,),

(2) closed subsets of max A are second category in themselves.
One may replace (2) by

(2') max A is strongly Baire.

Proof. Suppose that 4 satisfies (1) and (2). From the same argument we used
in Theorem 5.1, it suffices to show that if 4 is a separable simplex space with
RP,(A) a K, set and max 4 second category, then 4 contains a nonzero, MLC-
ideal.
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Since P,(A) is metrizable and second countable, open subsets are F,, hence
RP,(4)—{0} is K,. Let K, be compact sets with RP,(4)—{0}=J K,. If Fis a
closed subset of K,, let D(F) be all p € P,(A) such that for some «=0 and g € F,
p=cq. Then D(F) is clearly dilated in P;(4), and we claim that it is closed. Suppose
Py is a net in D(F) converging to p € P,(4). Let p,=a,4,, 4, € F, ,20. Choosing a
subnet, we may assume that g, —gq € F. The sequence «, must be eventually
bounded, since if not, g, € «; 1P,(A4) will imply g=0. Choosing a subnet, we may
assume o, — «=0. But then «,q, — «q, p=cq, and p € D(F). From [8, Theorem
3.3], Q=¢(D(F)) is a closed face in Py(A4) with E(Q)< D(F). We have (see (2.2))

My(F) = M(D(F)—{0}) = M(E(Q)—{0});

hence M ,(F) is closed in max 4. We conclude that M,: K, — max A is a closed
map; hence, since K, is compact Hausdorff, M,(K,) is a compact Hausdorff
space (see [3, p. 97]). But max A is second category and it is the union of the closed
sets M ,(K,); hence one of the latter has interior G# @ in max 4. G is separated in
M ,(K,) and the latter is closed in max 4; hence G is separated in max A. It is
also locally compact. Letting J be the closed ideal in A with G=max J, we see that
J is an MLC-ideal in A.

Suppose that 4 is a GM-space. P,(4) is compact metric, hence separable. Let
Jys 0=y =v,, be an M-composition series for A. As in the proof of Theorem 5.1,
Yo must be countable, and we have

RP,(A)—{0} = ygjm R —R(Jt, ),
and it suffices to show that B,=R(Jy)— R(Jy,,) is K,. Let 8: A — A|J, be the
quotient map.
6%: RP,(4/J,) — R(J7)
is a homeomorphism; hence it suffices to show
B, = 6*~Y(B,) = RP\(A|J))—(J,+1/0))*
is K,. Let p,: P,(A[J,) — Py(J,,1/J,) be the restriction map, and p; the restriction
of P1:
PR: B:; = RPI(A/Jy)—(J7+1/Jy L e RPI(J7+ I/JY)_{O}
(see (2.2)). Since J,,1/J, is an M-space, RPy(J,,,/J,) is closed in Py(J,,/J,). It
follows that RP,(J,,,/J,)—{0} is second countable locally compact, and thus K.
Since J,,1/J, is an M-ideal in A/J,, we have from Lemma 2.7 that B, is also K,.
If 4 is GMLC, then from Lemmas 3.4 and 3.5, max 4 is strongly Baire.

Note that we proved that if 4 is separable, then A is a GM-space implies RP,(A)
is K,. By using the example in [7, §5] one can easily show the converse is false.

THEOREM 5.3. If A is a GM-space, then the following are equivalent:
(1) max A is almost locally compact Hausdor(f (i.e., A is a GMLC-space).
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(2) max A is strongly Baire.
(3) If a€ A, then for each closed subset F of max A, a|F has a point of continuity
in each subset of F that is relatively open and separated in F.

Proof. (1) = (2). This follows from Lemmas 3.4 and 3.5.

(2) = (3). If I is a proper closed ideal in 4 with F=max A/I, we may identify
the functions a|F with the elements of 4/I. In addition, closed subsets of max A
are Baire. Thus it suffices to show that if 4 is a simplex space with Baire structure
space, then each a € 4 has a point of continuity in each nonempty separated open
subset G. Since G is second category, it will suffice to show that f=a|G is of first
Baire class, i.e., if S is a closed subset of :he reals, then f~(S) is a G, subset of G
(see [11, §27, X]). The difference of two first Baire class functions is again the same
(see [11, §27, VI]) and A=A"* — A*; hence we may assume a=0.

It will suffice to show that f is upper semicontinuous on G, i.e., given a>0,
the set

F=MeG:f(M)2a}=GNn{Memax 4 :a(M) Z «}

is relatively closed in G. Suppose that M, € F converges to M € G. Since C=
{M e max 4 : a(M)=e} is compact [7, Proposition 4.5], taking a subnet we may
assume that M, cbnverges to Ne C. Since G is separated in max A, M=N and
MePF.

(3) = (1). It suffices to show that if 4 is GM and each a€ 4 has a point of
continuity in each nonempty open separated subset, then max A contains a
nonempty locally compact separated open subset. Since 4 is GM, there is aseparated
open subset G in max 4. Let G=max J, J a closed ideal in 4, and choose aeJ*,
a#0. The set

G, ={Memax 4 : a(M) > 0}

is an open subset of G [7, Proposition 4.7], and thus is separated in max 4. Let
M, € G, be a point of continuity of a. Then letting a(M,)=¢>0, the set

C={Memax 4 :a(M) = ¢/2}

must have nonempty interior G, with M, € G;. On the other hand G, is an open
subset of the compact Hausdorff space C, and thus is locally compact. G; is
separated in max A since G, <G.

COROLLARY 5.4. If A is an M-space, then the following are equivalent:

(1) max A is almost locally ¢compact.

(2) max A is strongly Baire.

(3) If a€ A, then for each closed subset F of max A, the points of continuity of
a|F are dense in F.

It might at first seem rather difficult to determine whether EP;(4) or RP,(A)
are F, in P,(A4). That this is often not the case is due to a result in point set topology.
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If S is a subset of a topological space X, define the residue p(S) of S in X by
p(8)=[S—S]~ N S. We have (see [11, §30, VI]):

PROPOSITION 5.5. If X is a complete metric space, then a subset S of X is both
G, and F, if and only if for each nonempty relatively closed subset F of S, p(F) is a
proper subset of F.

If A is separable, this is applicable to EP,(A), since then P,(4) is metrizable,
and EP,(A) is already G; (see [14, Proposition 1.3]). The same is true for RP,(4)
since

LEMMA 5.6. If A is a separable simplex space, then RP,(A) is G; in P,(A).
Proof. We say that g, r € P,(A) are proportional if there is an « € [0, 1] with
g=cr or r=agq. We have p ¢ RP,(A) if and only if there exist nonproportional

q, r € P;(A) such that p=4g+3r. To show this, note p ¢ RP,(A4) if and only if
p#0and

pl|p| ¢ EP\(4)—{0} = ES(4).
But the latter will be true if and only if p/| p| is not the midpoint of two distinct
elements of S(4).
Define F;, F,< P,(A4) x P,(A4) by
F, ={(q,r):q =oar,ae]0, 1]},
F, = {(qar) coag = r,e€l0, 1]}’
and ¢: Py(A) x P,(A) — P,(A) by

¥(p,9)) = tp+1q.

We have RP;(A)=P,(4)—(G), where G=P,(A4) x P,(A)— F; U F,. Since the sets
F; are closed, G is open in the compact metric space Py(A4)x P,(4), and thus is
K,. Since ¢ is continuous, ¥(G) is K,, and RP,(A) is G;.

We note that if EP;(4) is K,, then so is RP,(A4)=[0, 1]EP,(A), since productsof
compact sets are the same. The converse is false (see §7.2).

For a typical application of Proposition 5.5, let P,(4), «=0, be the positive
functions p satisfying || p| = .

PROPOSITION 5.7. Let A be a separable simplex space. If for some «<1 we have
Z, = [EP,(A)]" € EP,(4) U P(4),
then EP,(A) is F, in P,(A).
Proof. Since P,(A) is closed,
p(EP\(A)) = [Z,— EP\(A)]~ N EP(4) = P(4) N EP(4) = {0};

hence p(p(EP,(A)))=p({0})= o. It follows that p must map nonempty relatively
closed subsets of EP,(A) onto proper subsets.
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It is interesting to note that if X is locally compact Hausdorff (e.g., if X=P,(4)),
then a subset S of X is itself locally compact if and only if it is locally closed, or
equivalently, p(S)= @ (see [12, §39, VII]).

6. The Choquet boundary. We wish to prove an analogue of the Bishop-de
Leeuw characterization of the Choquet boundary of a function algebra (see [14,
§8]). Suppose that X is a compact Hausdorff space and that A is a linear subspace
of C(X) that is a simplex space with the relative norm and ordering. If x € X, the
functional 8(x) defined on A4 by 8(x)(a)=a(x) is positive and of norm less than or
equal to 1, i.e., 8(x) € P,(A). We define the Choquet boundary A to be the points
x € X such that 8(x) € EP,(A4). We say x € X is a semipeak point if 8(x)=0 or for
each y € X with 8(p)#8(x), there is an a € 4 with

(6.1) a(y) < a(x) = |al.

THEOREM 6.1. The Choquet boundary 0A consists of the semipeak points, and
8(9A) equals either EP,(A)—{0} or EP,(A).

Proof. The argument given in [8, Lemma 4.1] is still valid; hence 6(X) 2 EP,(A4)
—{0}, and the second assertion follows.

If 8(x) € EP,(A)—{0}, and 8(y)# 8(x), let Q be the smallest closed face in P,(A4)
containing &(y). If Q is contained in the line segment [0, 8(x)] joining 0 and 8(x),
then there is an « with 0<a<1 and 8(y)=ad(x). If a € 4 and a(x)>0,

a(y) = «a(x) < a(x),
and to prove (6.1) it suffices to select a with a(8(x))=|a| >0. The existence of
such an element was proved in [8, Lemma 4.1]. If Q4 [0, 8(x)], choose g € E(Q)
—{0, 8(x)}. M,=]0, q]* is a.(maximal) closed ideal in 4 [7, Corollary 3.2], and
from the proof of [7, Theorem 4.4], if p, is the restriction map,

P1(EP(A)—{0, q}) = EP,(M,)—{0}.

The previously mentioned existence theorem gives us an element a € M, with
a(p)=|a| #0. The set

R = {rePy(4) : a(r) = |a|}

is a closed face in P;(4). If a(8(y))=a(y)=|a||, then 8(y) e R, Q<R, and g€ R.
This contradicts the fact that a(q)=0. Thus x is a semipeak point.

Conversely, suppose that é(x) ¢ EP,(A), and let Q be the smallest closed face in
P;(A) containing 8(x). Since E(Q)< EP,(A4) we may choose y € X with 8(y) € E(Q)
—{0}. We have 8(y)# 8(x). If a € 4, define R as above. Then if a(x)=|a|, 8(x) € R
and Q< R. It follows that 8(y) € R, i.e., a(y)= | a|, and inequality (6.1) cannot hold.
Thus x is not a semipeak point.

In the following section, we will say that x € X is a peak point if thereisan a € 4
such that 0 < a(y) <a(x) for all y with 8(y)+# 8(x). It is clear that a peak point must
be a semipeak point.
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7. Some examples.

7.1. A closed ideal which is an M-space but not an M-ideal. Let J be the positive
integers, and J*=J U {00} the one-point compactification of J. Let A< C(J*) be
all functions a such that

(1.1 a(0) = }a(1)+3a(2),

together with the relative norm and ordering. 4 is a simplex space. (See [2, Theorem

1], [13, p. 78]. The proof simply uses the fact that the map p defined as in [8,

Lemma 4.1] is one-to-one and onto S(4).) Define ¢, on J* for 1 Sn<oco by
e(m)=0 m#n

=1 m=n.

Then &, is in A for 3<n<oo, as are the functions

Ji=2e+ Z &,  fo=12e+ z &.

35iS ™ 3sis©

Noting that in particular f; assumes distinct values at 1, 2, and oo, we have that 4
distinguishes points in J*, hence 8: J* — P,(A4) is a homeomorphism. Using e,
3=<n<oo, it is clear that n is a peak point for these values. 1 is a peak point since
f(D>fi(n) for all n#1. Similarly 2 is a peak point. co is not a peak- point since
from (7.1), a(co) must lie between a(1) and a(2). Thus 4= J, and from Theorem
6.1,

EP,(A) = {0} u{é(n):1 = n < oo}.
From [7, Corollary 3.2},
I={aed:a(l) =0 = {8()}*
is a (maximal) closed ideal in 4 since the line segment joining 0 and (1) is a closed
face in P,(4). I may be identified with
{ae C(J*—{1}) : a(0) = }2a(2)}.
Since the latter is a sublattice of C(J*—{1}), it is an M-space. On the otherhand,

n — o0, hence

8(n) — 8(c0) = S(L;SQ

and from Lemma 2.3, M, converges to both M,,, and Mg, It follows that
although M,,, € max [, it is not a separated point in max 4.
Although 7 is not a C-space, 4 and thus I are GC-spaces. Letting

L ={aeC* :a(l) = a(2) = 0},

we have that {O}E_I1 €4 is a C-composition series since I, may be identified with
Co(J*—{1, 2, 0}), and A4/I, with C({1, 2}).
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7.2. A locally compact M (i.e., MLC) space which is nowhere C (i.e., an NC-
space). We will construct a separable M-space A for which max A is compact, and

(1.2) EP,(A)—{0} < [EP,(A)” —EPy(4)]".
If J is a C-ideal in 4, we have from Theorem 2.2, EP,(4)~ < EP,(4) v J*; hence
EPy(4) < [EPy(A)” —EPy(4)]” v {0} = J*,

and J+=P,(4), i.e., J={0}.

Let Cy([0, ©)) be the bounded continuous real functions on [0, c0) with the
uniform norm and the usual ordering. C,([0, c0)) may be identified with C(B[0, c0))
where B[0, o) is the Stone-Cech compactification of [0, c0), since each f € Cy([0, 0))
has an isometric order isomorphic extension to B[0, o). Thus C,([0, «)) is a C-
space.

Let «,, n=1 be a sequence of scalars with 0<e, <1, and [Je«, >0 (e.g., let «,=1
—TI/(n+1)>—see [1, p. 155]). Let r,, n=1 be an enumeration of the rationals in
[0, 0). We may assume that r,<n—1, hence in particular, r,=0. We define A4,
to be the functions a in C,([0, o)) such that a(n)=«,f(r,), n=1. Although it
can be shown that A4, has the desired properties, it is not separable. We will use
instead the sublattice generated by a countable subset.

Define a, € C,([0, ©0)) inductively: Let ay(0)=1. Having defined aq(x) for
0=<x=n, and using the fact that r,,; <n, let

(7.3) ao(n+1) = ony100(rns 1),

and interpolate linearly between n and n+1. It is clear that a, € 4,, and that a,
is strictly decreasing. In particular a, distinguishes points in [0, c0). We also have
that if 0<x=n,

ao(x) 2 ao(n) = onao(rs) 2 anao(n—1);
hence, letting e= [ ],
(7.4) aop g 31.

To obtain peaking at points other than the integers, we define a, € C,([0, 0)),
k=1, inductively. Let a,(0)=1. Having defined a,(x) for 0 <x=<n, define a,(n+1)
as in (7.3). Let a,(x)=1 for x € [n+1/2k, n+1—1/2k], and interpolate linearly in
the intervals [n, n+1/2k] and [n+1—1/2k, n+1].

We let A be the smallest closed lattice subspace containing a,, 0<k <. To
see that A4 is separable, let B be all finite linear combinations > oa; with «; non-
negative rationals. B is closed under addition and multiplication by nonnegative
rationals. Let C be all elements of the form b,V --- v b,, with b, € B. C is closed
under unions, additions, and multiplication by nonnegative rationals, since

(b V-V b)+®L V-V b)) =V (bi+b)

1,1
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and
a(b1 V"'me)':abl V”'Vabm.

C—C is closed under unions since

(c1—c3) V (c3—cq) = (c1+ca) V (c3+c2)—(ca+c),

and C— C is closed under addition and multiplication by all rational scalars. Since
these three operations are continuous in C,([0, o)) (see [5, p. 99] for unions), the
closure [C— C]~ is again closed with respect to them. It follows that [C—C]~ is
closed with respect to multiplication by all scalars, and is a closed vector lattice.
Thus 4A=[C—C]~, and since C— C is countable, A4 is separable.

We will regard A4 as a sublattice of C(8[0, ©)). Since 4 < A4,,

(1.5 8(n) = 0n8(r,), op < 1,mZ1;
hence ||8(n)|| <1, and, letting J be the positive integers,
8(J)N EP(A)—{0} = 2.
If x € [0, o) — J, then choosing integers n>0, k=1 with
n+12k £ x < n+1-1)2%,

we have that ai(x)=1, |8(x)]|=1, and &(x) € EP,(4); (8(x) already lies on an
extremal ray). Since [0, c0)— J is dense in [0, c0), we have

8(J) < EP,(A)~ — EP,(A).

To prove (7.2), note that §(J)~ 28([0, 0)), since letting x € [0, ), and r,_ be a
subsequence of r, with r, — x, we have «, — 1 and, from (7.5),

3(ny) = 0y, 8(rn,) — 8(x).
[0, ©) is dense in B[O, c0); hence
8(J)~ 2 ¥(B[0, 0)) = EP,(A)—{0},

the latter inclusion being a consequence of Theorem 6.1.

Finally, since a, must vanish at co [7, Proposition 4.5], we have from (7.4) that
max A is compact Hausdorff, hence strongly Baire. From (7.4), F=EP;(A4)—{0} is
relatively closed in EP,(A). Taking residues (see §5), a simple argument shows that
p(F)=p(EP,(A)). From (7.2), p(F)=F. Using Proposition 5.5 we conclude that
EP,(A) is not K,. Thus A satisfies (2) but not (1) of Theorem 5.1.

7.3. An M-space which is nowhere locally compact (i.e., an NMLC-space). We
will construct a separable M-space A4 such that max 4 is countable and dense in
itself, i.e., if M € max A4, then M € [max 4—{M}]~. If G were a nonempty locally
compact open subset of max 4, G would also be dense in itself. But G would be
second category, and letting G={M;, M,, ...}, G—{M;} would be dense in G;
hence @ =("); G—{M;} would be the same, a contradiction.
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Let J*=J U {00} be the one-point compactification of the positive integers. Let
@ be a map of J—{1} onto J x J such that if p(m)=(p, g), then p<m. Let a,,, m=2
be any sequence with 0<a, <1 and «, decreasing to zero. We define 4 to be the
functions a € C(J* x J*) such that

a(l,©) =0,
(7.6) a(m, o) = ana(p(m)), 2s=ms .
a(oo,n) = 0, 1Ssn=sow

If 1 <4, j< oo, define a function a;; on J* x J* as follows:
ay(m,n) = 0, m<ils<ngo,
ay(i,m) =0, n#j,1snsoo,
ay(,j) = 1.

For m>i, we proceed inductively. Suppose that a;(m, n) has been defined for
iSmZm,, and 1 £n=<00. Then define

a”(mo‘l' l, n) = Opo+ lau(q’(mo'l' 1)), 1<nzoo.

Note that if ¢(mo+1)=(p, q), then p<m,, and a,(p(m,+1)) is already defined.
Finally define

ay(o, n) = 0, 1=nso.
We claim that gy, is continuous. We have
a,(m, o) = lim a;(m, n) = 0, 1=smzgi
n

a,(m, ) = lim a,(m, n) = ana,(p(m)), i<m< oo

On the other hand, if i<m< oo,

ay(m,n) £ ap, 1sn=om.
If (m,, n,) is a sequence converging to (oo, n), then for any m,>i, eventually
my = my, and a,(my, m) < ap,; hence

li;n a,(my., n) = ay(0, n) = 0.

It is clear that a,, satisfies (7.6) and thus is an element of 4.
Since a,,(i,j)=1 and a;(m,n)<1 for (m, n)#(i,j), we have that Jx J<A,
and A distinguishes points in Jx J. From (7.6),

8((1, ) = 0,

8((m’ w)) = am3(<p(m)), 2sm< 0,
8((c0, n)) = 0, 1snzsow;
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hence 8(Jx J)=EP,(A)—{0}. Given any pair (p, q), letting ¢(m)=(p, q) we have
(m, n) > (m, o0); hence

8((m, m)) 5> 8((m, ©0)) = and((2, 9))-
From Lemma 2.3,

Mosm,m 7> Moo,

and max A4 is dense in itself.

Since EP,(A)—{0}=8(Jx J) is countable, it is K,, and A4 satisfies (1) but not (2)
of Theorem 5.1. We note that as a consequence of [8, Corollary 3.9], max 4 is not
first countable, even though it is a countable set.
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